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TD 7493

COMPARISON OF ACOUSTIC AND ELASTIC WAVE SCATTERING
FROM ELLIPTICAL SHELLS

INTRODUCTION

The use of the "T" matrix integral solution based on extended boundary
conditions for scattering from elastic shells in an elastic medium has been
discussed by Simon and Radlinski ("Elastic Wave Scattering from Elliptical
Shells," J. Acoust. Soc. Am. 71 (2), 273-281, 1982). In that paper, a thin
shell theory formulation was coupled to a two-dimensional surface integral
formulation of scattering from elliptical surfaces which was first intro-
duced by V. V. Varadan and Y. H, Pao (""Scattering Matrix for Elastic Waves
II. Application to Elliptical Cylinders,'" J. Acoust. Soc. Am. 63, 1014-1024,
1978). In an elastic medium, scattering of either an incident dilatational
wave (p-wave) or shear wave (sv-wave) will result in mode conversion at the
scattering body. In other words, for an incident dilatational wave, there
will be some conversion of the scattering energy into shear waves and corre-
spondingly for an incident shear wave, some conversion to dilatational waves
will result. The above paper on elastic shells discusses p-p, sv-sv, p-sv,
and sv-p scattering as a function of aspect ratio for an ellipse.

The philosophy used in this presentation treats the scattering from a
shell in fluid as a special case of the solution of scattering from a shell
in an elastic medium. The reduced displacement expansion used here allows
shell equations which describe the force and velocity of the shell to be
directly substituted into the T-matrix formulation. Comparisons of acoustic
and elastic p-p scattering will indicate the effects of stiffness of an
elastic material. Particular attention will be given to the effects of
modal resonances on the scattering cross sections.
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SCATTERING FROM A SHELL IN FLUID
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Figure 1.

A plane wave with displacement ul is shown to be incident on_an arbitrary
shaped shell S in an infinite fluid. The displacement vector u(r) at any
point in the fluid can be written as the sum of the incident and scattered
velocities. The extended boundary integral formulation for the displacement
is written in the general terms of displacement T, the Green's stress
dyadic T, the stress tensor T, and Green's dyadic G. Note that the
integral is defined both exterior and interior to the shell surface S$. In
the integral equation fi' is the unit outward normal to S. The Green's
stress dyadic in the fluid is writtq&_in terms of Ag, the bulk modulus
Green's dyadic and the unit tensor I. In the elastic medium formulation,
additional terms which describe the shear motion are included.
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‘ ' EXPANSION INTO BASIS FUNCTIONS
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L The incident and scattered displacements are expanded into basis functions
" $3. The symbol Re refers to the real part of a complex quantity. The Ap's
. are known coefficients and alphas (a,) are the unknown scattering coeffici- -
\ ents. Also, the Green's dyadic is expanded in terms of similar basis functions. -:}\a
X For the two-dimensional cases considered here, the basis functions are the 34\:
g cylindrical harmonics which are functions of the fluid wavenumber ks and *:\
; the polar coordinates (r,¢). For the elastomer case, an additional expansion é?t‘
is needed to describe the shear terms. When the expansions are substituted >
= into the extended boundary value integral, the known and unknown scattering !f:!%
- coefficients are given in terms of integrals evaluated over the surface of :{{\:Q
P the body. The terms o and « are respectively the density of the fluid .%}:,j
- and the circular frequency. RSOORY
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The boundary conditions appropriate at the shell fluid interface are the
continuity of normal displacement, continuity of normal forces, and zero
tangential force Fp. Fp is the normal force and V 1is the normal displace-
ment of the shell. Substitution of the first two expressions into the ex-
tended boundary condition results in expressions which included the normal
displacement and normal forces at the midsurface of the shell. For the elas-
tomer case, additional terms are included for the non-zero tangential force . nvfﬂ
and the tangential displacement, :
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SHELL MODEL
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N=P ri-v2) \ds’ " r')” 12(1-v2) ds'3 \ds’' ~ r’
e
AN
Eh d (dW _ V Eh3 d2 (dv W Lo
phw2W +-—— -5 2= +—) = 5= T - - e
1-v2ds’ \ds' "r 12r'(1-v2) ds’2 \ds’' r POIN
>,
N
A
cos kys',0=1
o > s
W=L angnis,o=2
no
!
V=2 b cos k,8',0=1
no sin k,8’',0=2
27N
kn a
So
Figure 4.
As was done in our previously published work on scattering from shells
in an elastomer, the tangential and normal force equations are written in
terms of the thin shell equations in which the first term is an inertial
term, the second term describes the extensional motion, and the third term
represents the bending motion of the shell. The force equations are func-
tions of the local radius of curvature r', the arc length s', the normal
displacement V, and tangential displacement W. Since the derivatives are
in tcems of the arc length, the normal and tangential velocities are expanded
in terms of the arc length. Finally, the null condition in the tangential
force as seen in the second equation allows one to write the coefficients ag
for the tangential displacement in terms of the b§ for the normal displace-
ment. The quantity k; represents a Fourier series component in terms of the
circumference s,. In the shell equations, E is the Young's modulus, v is
Poisson's ratio, and h is the shell thickness.
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In matrix notation, the coefficients of the tangential velocity [a] are :::::
written in terms of the [b] and the R matrices which are functions of the U m
shell parameters. Substitution of the first expression into the extended tf =

boundary results in expressions as seen in the second and third equations f{:r{

which relate the scattering coefficients A and o to the normal velocity :}\}}

coefficients by of the shell by Q matrices. Finally, b is eliminated AN

from these two equations to obtain the unknown scattering coefficients [a] : :':;:
in terms of the known coefficients [A] and the T matrix as defined by the .;,'
fourth and fifth equations. ..

e

In the following discussions, we will consider the scattering cross {’uiu

section per unit axial length normalized to the circumference of the scat- e

terer sg. The cross section is directly proportional to the sum of the
square of the absolute value of the scattering coefficients.
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- In this presentation we will specialize the formulation to elliptical e
A shells. In particular we shall investigate the effects of the inertial term, N
Rl the bending modes, and the membrane or hoop modes. For an elliptical shell, L
- the symmetrical bending modes have a net volume displacement which is not the NN
o case for the circular shell. The first and second symmetric bending modes e
. are displayed in this case. The membrane or hoop mode, which is primarily e
v extensional in nature, has for a given tangential strain, a maximum volume Oy
» displacement for a circle and decreases with increased eccentricity of the ;‘_
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SCATTERING FROM PLASTIC AND STEEL
CIRCULAR SHELLS IN FLUID
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Figure 7.

First consider total scattering cross section from circular shells. The
simplest case considered is scattering from plastic and steel shells of the
. same radius and wail thickness. The frequency axis ks, where s, is the
circumference of the shell and k is the fluid wave number. The sound speed
in the steel material is about 3.5 times that of the plastic material which
is 1.1 times.that of water. The density of the plastic is about 1.l times
that of water and steel is about 8 times that of water. Because the n=o
extensional resonance frequency of the steel shell is so much higher than
that of the plastic shell and because the inertia of the steel shell is not
as significantly affected by radiation loading as the lighter plastic shell,
the scattering cross section of the steel shell is <cveral orders of magni-
tude below the plastic shell at these low values of ks,. The oscillation
near ks, of 7 is due to scattering near the first membrane or hoop mode.
, The in-air hoop mode frequencies for a thin circular shell are given by
) kpsg = 2n[N2+1]1/2c /co where <p is the plate velocity in the material, N
4 is the membrane modg number and ¢, is the sound velocity in fluid. The
first in-air hoop mode for the plastic shell is calculated to be at ks, = 0.9
h for s, = 0.1445 m.

8

R VA G A L e YUK

a8 s %, e

AT )Y . PRSI TR 5 e L ANt R N N R T S S N S S ST
Mot NN M NSO NN A N Ny B e S A L L i o o

o

FolS T

14
1
]
»
I

P
¢’
SRk

CU AN
'!;t
LAY

.,
LN
T
¢ J'-' [y

e
(R

[ A
v

X
~
S,

AN e
;I‘I":l":'ff
NN
MO W
YRR

| Sadh 4

o

v g o
7/
\
* d

.

. ‘s W
IR AN
A N

.,

!

.

LA
o1,

r

x4
5

iy L
R ]
.l

" 0, 4

A
KN
AN
‘ ..l'l
thd Al

or
%
-.'.

(AR
\'.{
h




. - s LA e av i Ll Ba g s Mk st ie s -
.-‘. L. LN A 0 S O A ANl el ol Sl S A

4193

D 7493

SCATTERING FROM PLASTIC SHELLS NEAR THE
: ‘ FIRST MEMBRANE MODE
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Figure 8,
[} S
N
)
a The effects of squashing the plastic shell and/or surrounding the circu-
lar shell with a low stiffness material is considered near the membrane mode
‘. from kpso of 6 to 8. From the solid curve, less oscillation is seen when
. the aspect ratio (minor axis/major axis, a/b) of the tube is reduced to 0.75.
: In general, as the aspect ratio is diminished, less volume velocity is avail-
" able in the extensional modes and thus the scattering cross-sectioned varia- It
: tion is less for the more eccentric tube. Interestingly, an even more ORI
pronounced effect on the total cross section for p-p scattering occurs E‘
= when the circular shell is in a low stiffness elastic medium. The stiffness s
x of the medium will affect the vibrational amplitude and slightly increase A
" the resonance frequency. Note that the low frequency behavior of the circu- -
: lar shell is similar in both fluid and the low stiffness clastomer. The low DS
“ frequency behavior of the squashed tube in fluid is examined in the next ::
N figure. v
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' Now consider the effect on the total cross-section scattering as a T
~ function of aspect ratio. As the shell is squashed from a right circular R
> cylindrical shape, a net volume velocity is now possible at the bending modes o
: of the shell. A net volume velocity implies that the shell becomes dynami- sl
- cally soft which allows for increased scattering. Significant differences are o
o now found between the low frequency scattering from a circular shell and the -
- elliptical shells. For a shell of h/s, = 0.01, the first in-air bending reso- R
- nance should occur at approximately kps, of 0.125. Although a rounder shell o
‘% has a lower bending resonance for a fixed s,, the effect of radiation loading A
is stronger on the flattened shells. Since the net volume velocity for bend- E‘,
3 ing modes go to zero more quickly for a rounder tube, there are also more T
. higher order resonance scattering effects with the 0.5 aspect ratio tube. The e
\ in-air frequencies corresponding to the mode numbers for the lower order S
” bending modes of the circular plastic shell are indicated on the graph. ON
. b by bl 3 bl Ll
: These values are given by ksO = cho/c0 x B[n-(n--1)~/(n~+1)]1/- where n ::i:
. . 1 . . . v
. is the bending wave number, 3 = ——0w - and a, is the radius of the b«
' shell. ey i
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BENDING MODES

SCATTERING FROM A PLASTIC ELLIPTIC SHELL
IN FLUID AND ELASTOMERS NEAR THE
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Figure 10.

In this example, the change in scattering cross section for a siell of
aspect ratio of 0.75 is demonstrated for elastomers of two different stiff-
nesses and compared with the fluid case. For the lower stiffness elastic
material, an increased frequency but lower amplitude fundamental bending mode
is indicated by the cross-section calculation. No indication of the second
bending mode is found with the elastic matrix of shear modulus of 106nt/m<.
Surrounding the thin plastic shell by a shear modulus of 107nt/m? mitigates
the effects of all the bending resonances and the cross section is similar to
the circular tube in fluid as previously shown in Figure 9.
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SCATTERING FROM A STEEL
ELLIPTICAL SHELL

-0
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L
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Figure 11.

This figure illustrates the effect of orientation of the shell on total
cross section. High frequency scattering from a steel elliptical shell in
water is presented here for an elliptical shell with an aspect ratio of 0.73
and h/sy, = 0.0085. The resonance region below ks, of approximately 5 has
not been computed for these curves. With the plane wave incident along the
minor axis of the shell, sharp discontinuities are seen in the cross section
that are due to creeping waves that circumnavigate the shell. Note that
maxima where the waves interfere constructively only are evident at ks, of
approximately 31 and 62. The frequency separation of creeping wave occur-
rences increases with increasing frequency and this characteristic corresponds
to excitation of the higher order bending modes of the shell.

With the direction of the plane wave incident along the major axis of
the elliptical cylinder, no evidence of the sharply defined creeping wave
resonance is found for this orientation. The membrane resonances of the
elliptical shell are indicated on the graph (N = 0, 1, 2). Considering the
inverse problem, if the scattering cross section is known for a wide bandwidth,
the orientation could be determined from these frequency responses.
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BACKSCATTERING FROM A STEEL
ELLIPTICAL SHELL

N

Figure 12.

High frequency backscattering for the two previously considered shell
orientations is shown in Figure 12. The backscattering function f_ is
defined here by f_ = [4/(nkb) £f2 (-0)]1/2 where £2 (-0) 1is the differ-
ential cross section in the backscattered direction and b 1is the semimajor
axis of the shell. The resonance structure due to creeping waves is again
apparent for the case with the incident plane wave parallel to the minor
axes of the shell. With the plane wave incident parallel to the major axes
of the shell, more oscillations occur as a function of ks, than for the
corresponding curve for the scattering cross section. As might be expected
from geometric considerations, at high frequencies, incidence along the
direction of the minor axis produces the greater backscatter.

RNt
NN

DI I ]
A8

‘v\ - ‘1‘\-'\'1 SN\

Wi

.

‘y

)
R
 8_"

;
Yt

I <2 W)
fk@
e

%

.Al~.l-
PR Y
ERG
S
o

s
.

-y

5

2’
A}
4

NS
ff;;
P

v

iy
s
'l

q

AOABAL
e e'r
i

(RN
»
>

b 2’
2%

_,_
ok

-":,
s,

7
X

g (a,

LR

e,
““"

A

rlL
Ay S
’A."‘.I'_

oY &

N

:
s

';. o
Plls

P

L

e
.

P

.

-

LA

hJ



2 LR

i

L If.

!

XN A

o

«'aa"a

NS

XA RNNN: S

AR A

TD 7493

CONCLUSIONS

The formulation for elastic wave scattering from elliptic cylinders has
been modified to include acoustic scattering which is the limiting case of
zero shear modulus. Since the shear wavelength governs series convergence
for elastic wave scattering, the convergence for acoustic scattering is much
faster. Also matrix manipulation is easier with acoustic scattering because
of the smaller size. The low frequency acoustic cross section for scattering
from plastic elliptical shells indicated strong scattering due to bending
resonances but even a low stiffness elastomer mitigated this phenomenon. For
acoustic waves incident in a direction that parallels the minor axis of the
tube, high frequency scattering indicates the presence of creeping waves
corresponding to bending resonances,
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